Chapter No. 06

Presented [ Nusni Natasha

Q#.1: Define infinite sequence?

Solution (1) A sequence having an unlimited numbers of termsis called an infinite
sequence,
OR
A sequence which has no last term is called an infinite sequence.
e.g 2,4,8,16,... [exempli gratia (Latin word "for example”)]

Sequenceof Real Numbers N

Qi#.2: Find the next two terms of the sequence -1,2,12,40...?

Solution (2) Given sequenceis-1,2,12,40,...
a=-1*20=-1*1=-1,

=1*21=1*2=2,

ag=3*22=3*4=12,

ay=5*23=5*8=40,

as=7*2=7*16=112,

a6=9* 2°=9* 32=288,

Q#.3: Find the indicated term of sequence 1,-3,5,-7,9,-11,...as?

Solution (3) Given sequenceis  1,-3,5,-7,9,-11,...as

-3,-5,-7,-9,-11,a¢ 1,5,9,a7
Common difference=d=-7+3=-4 X common difference=d=5-1=4
-3,-7,-11,-15, : 1,5,9,13,
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Q#.4: If 1% and E are in A.P, show that the common difference is ?.
a c

ac
Solution (4) since 1/a, 1/b, 1/c, arein A.P,
Therefore d=1/b-1/a....... Q)
And d=lc-1/b....... (i)
By adding both equations, we have

11 (a-¢)
"ca ac
_ (a-¢)
~ 2ac

2d

d

Hence proved
Q#.5: If the 5t term of A.P. is 13 and 17' term is 49, find % and %13,
Solution (5) since as=13 and a:17=49
we know that as=a;+4d
13=a+4d.... (i)

Also a7=ay+16d

= 49=a+4d+12d —  49=13+12d using (i)

= 49-13=12d =  36=12d 3=d

Usingineq(i)
= 13=ai+4(3) ,

= 13=a+12
= l1=a,
Thus aiz=ag+12d
=1+12(3)
=1+36=37

an=1+(n-1)3=3n-2

Q#.6: If 1/a,1/b and 1/c are in A.P, Show that b=2ac/(a+c).

Solution (6) Since =, 2and X  areinAP So
ab c

1 1 : 1 1 ..
d==-= - | And d= =-= -————-—-(ii

5 a (i) o (i)
comparing (i) & (ii)
1111

b a ¢ b
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1 1 1 1
—_—t —=— 4+ —
b b a c
2_a+c
b ac
2ac _ b Hence Proved
a+c
Q#.7: If & 2= 3n _11, find the Nth term of the sequence.
Solution (7) va, , =3n-11 Put n=3
a, , =3(3) 11, a=9-11=-2
Putn=4 a,=3x4-11=1
Putn=5 a,=3x5-11=4, d=1+2=3, a,=a +(n-)d=-2+(n-1)3
=-2+3n-3 =3n-5

Q#.8: Show that the sum of n A.Ms between a and b is equal to n times their A.M.
Solution (8) Let A, A, A....A, are

nA.Ms bw a&b

a,A,A...A. b are in AP, A1+A2+A3+....+An=g[Al+A]] *A +d=b

=Matd+b-d], = MNa+b), = [ 2*P) Hence Proved
2 2

N| D

1 1 1

Solution (9) -.-1+1& + 1—1x + 1_1\&

_ 11 _ 1 _ 1 1
I-x 1+dx " @ —({xf 1+x L-VxJi++/x) 1++x

_ 1-1+4/x _ Wx _n

_(1_\/;Xl+ Jx)' (1% &_E(2a1+(n_l)d)

_n 1 ), x _ nf 2 +(n—1)\/;

_2[2(1+\/§J ; 1)1—X] 2[1+& 1-n J

Q#.10: Sum the series;

3+5-7+9+11-13+15+17-19+...... tc 3N terms.

Solution (10) Given that
3+5-7+9+11-13+15+17-19+......ccveeee e to 3n terms
= (3+5-7) + (9+11-13) + (15+17-19) + ........... + 3n terms
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= 1+7+13+............ + n terms

d=7-1=6
= D2a, + (n-1d), D 2@)+ (n-1), N2+6n-6)
2 2 2
- 2(6n—4) S=n(3n-2)

Q#.11: Find the sum of 20 terms of the series whose I th termis 3r+1,
Solution (11) Given n=20; a = 3r+1

r=1, aa=4, @a=7, r=3;a&=10

The seriesis

4+7+10+......+20" term, d=7-4=3, Sn:g(Zal +(n-1)d)

=2—20(2(4)+ (20-1)3) :%(& 60-3) = 2—20(65) = ?: 650

2 M2 k2 A2 A2 2
Q#.12: If a,b,c,d are in G.P, prove that a”-b",b"-c’,c"-d are in G.P.
Solution (12) - a®,b?,c* arein A.P

wb*—a’=c®-b ... 0)

To Prove L L L arein AP

b+tc'c+a’a+b

11 1 1
c+a b+c a+b c+a’

btc—c—a cta—-a—£&

(2 +c)e+a) fa+2)c+a)

b-a c-b

(b+c)c+a) (a+b)c+a)’

b-a c-b
b+c a+b

b>a%=c? —b? Hence Proved

Q#.13: A man repay his loan of Rs. 1120 by paying Rs. 15 in the first installment and then
increases the payment by Rs. 10 every month. How long will it take to clear his loan.

Solution (13) Give that
1% Installment a, =15
Monthly increase in payment d=10

Let n be the time he will take clear hisloan S$,=1120
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:2{2a1+(n—1)d}:1120
== 2{2(150} (n—1)10}=1120

:»2 x10{3+ (n—1)10}=1120

= 224=n(n+2)

=n?+2n-224=0

—-2++/4+896
_N=——"F"——"+
2(1)
_ - 2+ 30
2
= (-2+30)/2 =14
n=—2-30 implies n=-16(lt is not possible)

So n = 14, that isthe time he will take to clear hisloan is 14 month

Q#.14: The sum of interior angles of polygons having sides 3,4,5,...etc. form an A.P. find the
sum of the interior angles for a 16 sided polygone.

Solution (14) Since 3,4,5,.......cccevnn.... ,16 sided Ay A,
P,20,30......a, a, =p d=2p —p=p
- an=a, +(n-1)d A,
For n=14
a,=a +(14-1d

=p +13p A .

= 14p Ap 7
Alternative: If n-sided polygon then sum of interior angleis= (n-2)p

For n=16

a14=(16 - 2)p = 14p

Q#.15: A student saves Rs. 12 at the end to the first week and goes on increasing his saving
Rs. 4 weekly. After how many weeks will be able to save Rs. 2100?

Solution (15) Given that

a =12;d =4;S =2100 n=?  (n=number of weeks)

S, =2(2a1+(n—1)d),
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2100= 2(2(12) +(n-1)4),

4200= n(21+ 4n - 4)
4200= 20n + 4n?
4n® +20n—4200=0
4(n+5n-1050) =0
40,

st +52-1050=0

-5 J(5)? — 4(1)(~1050) _ -5%65

2(1) 2
Either n=—>_0° or n:_5;15
n=-35 (It isnot possible) ; n=30 So n=30 Required answer

Q#.16: Find the 11t term of the sequence, 1+i,2,4/1+i

Solution (16) Since a=1+i and r:1—2_
+i

a, =ar’

= L+i)L-i)® = @+ifa-ipf = @rifa-2i+if ,

=@1+i)1-2i -1

= @Q+i)-2)° = (1+i)-2)° i° = (1+i)-32) i2,i2,i
= - 321+i)-1(-1))
= - 32(L+1i) = —32(i +1) =32(1-i)

oI5l

a
Q#.17:1f 1/a,1/b and 1/c are in G.P. Show that the common ratio is *+,|—
c

Solution (17) --—,=—,— are in G.P

oOlkr

Q|
Tl

1/b a
r_ J—

“va b Y

1/c b .
r=——s=— — (i)
1/b c

by Multiplying equation (i) and (ii)
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a
r=+.[|— Hence Proved
C
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2 2 K2 2 A2 2
Qi#.18: If a,b,c,d are in G.P, prove that a”-b",b"-c%,c"-d arein G.P.

Solution (18) “a,b,c,d are in G.P

Cc
r=—
b
b=ar ......... (i) c=br d=cr
c=(ar)r (using (i)) d=(ar?r (using (ii))
=ar? ....(ii) =ar®
ToShow  &-b?b*c%c>-a arein G.P
b2_c2 _Cz_dz (ar)z_(arz)Z_(arz)Z_(arg)z
a’-b? b?-c?

(@) (ar)-(a?)

So  &-b? b*-c? Ad? areinG.P

a. 4
D5 _ 7 a,=—
Q#.19: Find the Nth term of the geometric sequence if; e ° and 9
4
Solution (19) ~~ & =2 & _ 4 I Y P
a, 9 arc 9 9 9
2 4 4 2\ 4 4 3 2
r=+—, == > ar=—=2aq|t-|=0,@2a="x|f- |, a==%t—
3 %=3 aiga‘(3)9a19(2j T3

senr (o] el

Q#.20: If both X and y are positive distinct real numbers, show that the geometric mean
between X and y is less than their arithmetic mean.

Solution (20) Show That GM<AM = 0<A.M-GM
For two real numbersx & y AM-G.M = X; Y_ Ixy
xry-2fy W Wy -2y -l

2 2 2

= A.M-G.M>0 or AM > GM.
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Q#.21: Find the sum of n terms of the geometric series if a,= (-3)(2/5)".

cunniy a2 = Y

6) 2\ - 6
= v, =ar a=-12) |
S/\5 S by comparing
r:2<1
5

Qi#.22: Write down the condition for convergence of infinite geometric series?
OR

Under what condition an infinite geometric is convergent or divergent?
Solution (22) An infinite geometric seriesis convergent if |r|<1
r=common ratio
An infinite geometric seriesisdivergent if |r[>1
Q#.23: Derive a formula for sum of infinite geometric series if |r|<1.
| a(l-r)
Solution (23) Weknow that S, == if |r|<1
Then r" — 0 when n— o So we conclude that

Sﬁ—)li when n— o
—r

Thus S=IimSn:%, where Sisthesum of n— «
infinite geometric series having |r| <1

Q#.24: If a=1-x+x2%3+...  x<1  b=1+x+x24x3+... x<1

Then show that 2ab=a+b

Solution (24) a=—~ -1
1-(—x) 1+x
— 14 x==...(i) And

Adding (i) and (ii)

i+l:2+x+1—x = a+b:2’
a b ab
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at+b=2ab

Q#.25: Sum to N terms the series; 02+0.22+0.222+........

Solution (25) $i=0.2+0.22+0.222 + ......... to nterms
=2{0.1+0.11+ 0.111+.....to n terms } :S{o.9+ 0.99+0.999+.....ton terms}

= 93{(1— 0.1)+(1-0.01) +(1-0.001) +.....ton terms}

sl

"9l ol a0

N

1 9| o9

Qi#.26: Find the sum up to infinite terms of geometric series;

4+2\/§+2+\/§+1+ .....

Solution (26) Let S bethe sum of infinite series

A+ 22+ 242+ 14,
Here al=4andr=2_\/§=£=£=i So S= 4 using Sw:i
4 2 242 2 1 1-r
V2
4
_ _ 2 ><\/§+1 _42+42 :4(2+\/§)
2= J2-1 {2+1 2-1
42
Qi#.27: Find vulgar fractions equivalent to the 1.147
Solution (27) 1.147=1.474747 ..........
=1.1+0.47+0.0047+0.000047+.........
=1.1+(0.047+0.0047+0.000047+.......), :1.1+(1ij
i §
=1.1+( 0.047 j oy = 0047 _114 947 =0.01
1-0.01 0.47 0.99

1089+47 1136
990 990

10
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Q#.28: If y=1+2x+4x2+8x3+...

i) Show that x= (y-1)/2y.

i) Find the interval in which the series is convergent.

=S, y=—- r=—=2X; y= 1-2x)=1
Y= Y 1-r 1 Y 1-2x ¥ )
y—2yx=1 y—1=2xy x:y—_l

2y

ii) For convergent series

-1<r<1

-l<2x<1 Dividing by ‘2’

-1/2 < x < 1/2isrequired interval of convergent

Q#.29: What distance will a ball travel before coming to rest if it is dropped from a height of 75m and
2

after each fall it rebound ° of the distance it fell?

Solution (29)

75><§:30=30><2:60 T

30x§:12:12><2:24

12><§=4.8:4.8>< 2=96

So sequenceis 75+60+24+9.6+....

=75+ (5,) —754 2
1-r
rzﬁzg =75+ﬂ
60 5 1.2
5
:75+3—20:175m

Q#.30: Prove that G2=A*H.

Solution (30) - G=+/ab and a_atb o 2ab
2 a+b

So G?=AxH

2 a+b 2ab

ab =
aBF =[5 (22
ab = ab Hence G2 = AxH
11
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Qi#.31: Prove that A > G > H if a, b>0 (G>0).

Solution (31) Wefirst show that

A>G

= a+2-b>\/£ —a+b>2J/ab :>a+b—2\/£>0
:>(\/5)2+(\/B)2—2\/5\/H >0 :>(\/5+\/B)2 >0 (true)

So A>G ............. (1)

Now G>H @>a2jbb atb>2/ab a+b-2/avb>0
(Va-+vbf >0  (true SO G>H.woooon., (ii)

from (i) & (i) A>G>H
Q#.32: If A<G<H if a,b<0 (G<0)

Solution (32) Wefirst show that
A<G If a%‘%—@

Let a=-m and b=-n where m and n are positive real numbers, then

—mz—n<_ (-m)-n) Or —m;n<—\/mn

=N (\/ﬁ—\/ﬁ)z >0 Whichistruei.e A <G similarly we can prove that
A< G

SOA<G<H

Qt#t.33: If 5 is the harmonic mean between 2 and b, Find b.

Solution (33) Since H.M=5 & a=2

28 _ g 22 _g 4b=5(2+b) 4b=5(2+b)
a+b 2+b

4b=10+5b -10=5b-4b -10=b

Q#.34: If the numbers 1/k,1/2k+1 and 1/4k-1 are in harmonic sequence, find k.

Solution (34) Since %,2k1+1,4k1+1, ............. S HP
K, 2k+14k —1.......... — AP d=2k+1-k=k+1
& d=4k+1-2k-1=2k-2  Numbersarein A.P
d=d K+1=2K -2 1+2=2k -k 3=K
12
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Q#.35: Given Nth term of the series, find the sum to 2n term;

3n°+2n+1

Solution (35) Let S, denotes the sum of 2n terms of the series

using S, :ZTK Z(Skz +2k+1)
k1 k=1
_3Zk2+22k+21 _3n@n+dn+d) nined
k=1 6 ?
:w_{_ n(n+1)+n Replacing ‘n’ by ‘2n
5= 2n((2n) ;r 120+D | onzn+1)+ 2n

=n(4n+1(2n+1) + 2n(2n+1) + 2n

= n{8n2 +10n+ 5}

Q#.36: Given Nth term of the series, find the sum to 2N term;

—n{Bn? + 4n+2n+1+4n+ 2+ 2}

n®+2n+3

Solution (36) Let S, denote the sum of n terms of the series, using

:Zn:(k3+2k+3)

k=1

S,=>T,
k=1

2
:{n(n+1} Py n(n+1) +3n
2 2

{n3+2n2+n }
=n f+n+4

3 2
_ 2r]{(2n) + 2(42n) wen Lo 4}

:g{8n3 +8n° +10n+16)

Put

Q#.37: Prove that > k* = n(n+ 1)6(2n +1)
k=1

Solution (37) We Know that
k?-(k-1)?=2k-1 .............. (A)
Taking summation on both sides of eq(A)

i[kz —(k—1)2]=i(2k—1)
i.e nZ:ZZn:k—n

n(n +1)

S k=
k=1

13
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{ (nzl) +(N+)+3

n=2n

H_/

B 2n{8n3 +8n2+2n+8n+ 16}
4

= n{4n3 +4n? +5n+ 8}

Zzn:k:anrn

k=1



